Abstract In this paper, a computational method is proposed, for solving linear and nonlinear fourth order three-point boundary value problem (BVP) and the system of nonlinear BVP. This method is based on the Adomian decomposition method (ADM) and the reproducing kernel method (RKM). The solution of linear fourth order three-point boundary value problem (BVP) is determined by the reproducing kernel method, and the solution of nonlinear fourth order three-point BVP is determined using the combination of Adomian decomposition method and reproducing kernel method. The approximate solutions are given in the form of series. Numerical results are shown to illustrate the accuracy of the present method.
Introduction
Fourth order ordinary differential equations are models for bending or deformation of elastic beams and therefore have important applications in engineering and physical sciences. Two-point and multi-point boundary value problems for fourth order ordinary differential equations have attracted a lot of attention. Two-point boundary value problems have been extensively studied. Multi-point boundary value problems arise in a variety of Applied Mathematics and Physics. Many authors have studied the beam equation under various boundary conditions and by different approaches (Graef et al., 2003 (Graef et al., , 2009 . Sufficient conditions for the existence and non-existence of positive solutions for three-point boundary value problems are established by Graef et al. (2009) . Siddiqi and Ghazala (2007) determined the solution of a system of fourth order boundary value problems using cubic non-polynomial spline method. Ghazala and Hamood (2012) used RKM for the solution of fourth order singularly perturbed boundary value problem. Ghazala and Hamood (2011) used RKM for the solution of fifth order boundary value problem.
Adomian decomposition method has been used to solve linear and nonlinear ordinary differential equations (Abbaoui and Cherruault, 1995; Biazar and Shafiof, 2007; Mestrovic, 2007) . This method provides the solution in a rapid convergent series with computable terms. However, for the solution of boundary value problems using ADM, it is necessary to determine some unknown parameters and therefore, it is required to solve nonlinear algebraic equations. Geng and Cui (2011) proposed a method for solving nonlinear second order two-point BVP by the combination of ADM and RKM. The fourth order three-point BVP described in this paper has been solved by extending the method developed by Geng and Cui (2011) .
The fourth order beam equation can be considered, as The rest of the paper is organized as under:
In Section 2, definition and a derivation of reproducing kernel spaces are presented. In Section 3, a reproducing kernel satisfying three-point boundary conditions is constructed and the solution for linear fourth order BVP using reproducing kernel Hilbert space is presented. In Section 4, Adomian decomposition method is discussed and then combined formula of ADM and RKM is determined for the solution of nonlinear BVP. In Section 5, four examples are presented to demonstrate the usefulness of the method.
Reproducing kernel spaces
Definition 2.1. Let H be a Hilbert space of functions on a set X. Let h f; gi be the inner product and k f k ¼ ffiffiffiffiffiffiffiffiffiffiffi h f; f i p be the norm in H, for f and g 2 H. The complex valued function Kðx; yÞ of x and y in X is called a reproducing kernel of H if the following are satisfied:
(i) For every x; K x ðyÞ¼Kðx; yÞ as a function of y belongs to H.
(ii) The reproducing property: for every x 2 X and every f 2 H ; f ðxÞ ¼ hf ; K x i. 
Proof. Since R x ðyÞ 2 W The coefficients a i s and b i sði ¼ 0; 1; 2; 3; . . . ; 9Þ can be determined from Eqs. (2.5), (2.8), (2.12) and (2.13) hence reproducing kernel obtained at y 6 x is kðx; yÞ ¼ 1 101500
and for x < y, reproducing kernel kðy; xÞ is given by kðy; xÞ ¼ kðx; yÞ. h 3. RK method for three-point BVP
Construction of RK satisfying three-point boundary conditions
RKM cannot be used directly to solve fourth order three-point boundary value problems (BVPs), since there is no method of obtaining reproducing kernel (RK) satisfying three-point boundary conditions, so the aim of this work is to fill this gap. A method for obtaining RK satisfying three-point boundary conditions is proposed so that RKM can be used to solve fourth order three-point BVPs.
3.1. 
The inverse operator L À1 can be determined using RKM presented by Cui and Geng (2007) , Geng and Cui (2007) and Cui and Lin (2009 
If uðxÞ is the exact solution of Eq. (3.2) and LuðxÞ ¼ hðxÞ, then
By applying reproducing property, it can be written as
which completes the proof. The approximate solution uðxÞ is given by
Theorem 3.2.4. For each uðxÞ 2 W 5 a ½0; 1 and e n is the error between the approximate solution u n ðxÞ and exact solution uðxÞ. Let e 2 n ¼ kuðxÞ À u n ðxÞk 2 , then sequence fe n g is monotone decreasing and e n ! 0 (n ! 1).
Clearly e nÀ1 P e n , consequently fe n g is monotone decreasing in the sense of k:k W 5 a and it is noted that the series is convergent in the norm of k:k W 5 a . Hence e n ! 0 (n ! 1). h
Adomian decomposition method
The Adomian decomposition method was proposed by Adomian (1992 Adomian ( , 1994 and Adomian and Rach (1994) for obtaining series solutions of algebraic, ordinary and partial differential equations, integral equations, integro-differential equations, etc. Such method has received a great deal of attention and has been applied to numerous problems. To solve non-linear fourth order three-point boundary value problem, the following decomposition method can be used as: Adomian and Rach (1994) as
Substituting Eqs. (4.3) and (4.4) into Eq. (4.2), yields
According to the ADM, the components u i ðxÞ can be determined as
By combining Adomian decomposition method and reproducing kernel method, Eq. (4.7) turns out to be
where 
Numerical examples
In order to test the utility of the proposed method, four examples are considered in this section. All computations are performed using Mathematica 5.2.
Example 1. The singular linear fourth order three-point boundary value problem can be considered as The exact solution of the problem (5.2) is uðxÞ ¼ e x . The combination of ADM and RKM is used to solve problem (5.2). The numerical results are summarized in Table 2 and Figs. 4-6. It can easily be seen from the Table 2 and Figs. 4-6 that the approximate solutions are in good agreement with exact solutions.
Example 3 (Mohyud-Din and Noor (2007)). Consider the following nonlinear fourth order three-point boundary value problem: Table 3 . The results of the problem are also compared with the method developed by Mohyud-Din and Noor (2007) in Table 3 , which show that the present method is better.
Example 4. The nonlinear system of fourth order three-point boundary value problem can be considered, as : Table 1 The numerical results when (n ¼ 6; 11; 51). The exact solution of the problem (5.4) is
3 4 6 x 6 1; 
Conclusion
Fourth order three point BVP (linear and nonlinear) and the system of fourth order three point BVP are determined using ADM and RKM. For the solution of linear fourth order three point boundary value problem reproducing kernel method is proposed and obtained encouraging results. The solution of non-linear fourth order three-point boundary value problem can be determined using standard Adomian decomposition method but this method has long calculation and complicated procedure to determine some unknown parameters. Due to this drawback a new computational method for the solution of non-linear fourth order three-point boundary value problem is proposed. This computational method is the combination of Adomian decomposition method and reproducing kernel method. Combination of these methods reduces the calculation and avoids the additional computation work in determining the unknown parameters, and this reduction has no effect in the accuracy of results. The comparison of the present method with the method Mohyud-Din and Noor (2007) available in literature also shows the efficiency of the method. Table 4 The numerical results when (n ¼ 3). 
